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Abstract 



Let H be a hereditary algebra of Dynkin type D n over a field k and be 
the cluster category of H. Assume that n > 5 and that T and T' are tilting 
objects in ^h- We prove that the cluster-tilted algebra T = End>g' ir (T) op is 
isomorphic to V = End^ H (T') op if and only if T = r l T' or T = ar^T' for 
some integers i and j, where r is the Auslander-Reiten translation and a is 

m ■ 

J> ■ the automorphism of defined in section 4. 

o 
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object, cluster-tilted algebra. 



1 Introduction 

Cluster algebras were introduced by S. Fomin and A. Zelevinsky [FZ1, FZ2]. 
Cluster category was denned in [BMRRT] as a means for a better understand- 
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ing of cluster algebras of Fomin and Zelevinsky, which is an orbit category = 
S> b (mod if)/V -1 [l] of the derived category of a hereditary algebra H and is a trian- 
gulated category see also [CCS1] for the cluster categories of type A n . Now cluster 
category becomes a successful model for acyclic cluster algebras. 

The cluster-tilted algebra is an algebra of the form Y = End<^(T) op , where T is 
a tilting object in The module category of finitely generated T-modules mod-r 
was explicitly described in [BMR1] , and the cluster-tilted algebra is considered as a 
path algebra of a quiver with relations in [BMR2], and it was proved that a (basic) 
cluster-tilted algebra of finite type is uniquely determined by its quiver. Moreover, 
the relations were explicitly described in [CCS2] for a cluster-tilted algebra of finite 
type. 

A geometric realization of cluster categories of type A n was given in [CCS1], 
and a calculating formula for the number of non-isomorphic cluster-tilted algebras 
of type A n is given in [Tor]. R.Schiffler gave a geometric realization for cluster 
categories of type D n in [Sch]. In this paper, we use the geometric realization of 
[Sch] to prove that two cluster-tilted algebras End^(T) op and End % (T') op are 
isomorphic if and only if T = t' 1 T' or T = ar j T' for some integers % and j, where r 
is the Auslander-Reiten translation and a is an automorphism of ^j, see section 
4. 

This paper is arranged as follows. In section 2, we collect necessary definitions 
and basic facts needed for our research. In section 3, we give an explicit description 
of the equivalence class of triangulations of the category of tagged edges of the 
punctured polygon P n . As an application, we obtain the mutation classes of quivers 
of type D n , and deduce all the quivers of cluster-tilted algebras of type D n , and 
moreover, we also give an explicit description for the relations which is consistent 
with [CCS2]. In section 4, we prove that if T and V are basic tilting objects in the 
cluster category of type D n , then the cluster-tilted algebras End^ H (T) op and 
End%f ff (T') op are isomorphic if and only if T = r l T' or T = or^T' for some integers 
i and j. 

Throughout this paper, we fix a field k, and denote by H a hereditary k- 
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algebra of type D n . We follow the standard terminology and notation used in the 
representation theory of algebras, see [ARS], [ASS], [Hap] and [Rin]. 

2 Preliminaries 

Let n be an integer with n > 4 and P n be the punctured polygon with one puncture 
in its center. We give an example in Figure 1 for n — 8. 



We recall some definitions and results from [Sch] which will be needed in our 
further research. 

Let a 7^ b be vertices on the boundary of P n and S a> b be the path along the 
boundary from a to b in counterclockwise direction which does not run through the 
same point twice and \S a ^\ be the number of vertices on the path 5 a> b (including a 
and b). Two vertices a and b are called neighbors if \S a ,b\ — 2 or \5 a fi\ = n, and b is 
the counterclockwise neighbor of a if \S aj b\ = 2. Note that 5 a , a is the path along the 
boundary from a to a in counterclockwise direction which goes around the polygon 
exactly once and such that a is the only point through which 5 a a runs twice, and 
then \S aja \ =ra + l. 

An edge of P n is a triple (a, a, b) where a and b are vertices on the boundary 
and a is a path from a to b such that a does not cross itself and a lies in the interior 
of P n (except for its starting point a and its endpoint b) and a is homotopic to 5 a ^ 
with \6a,b\ > 3. 

Two edges (a, a, b), (c, 0, d) are equivalent if a — c, b — d, and a is homotopic 
to p. We denote by E the set of equivalence class of edges. Since an element of E 




Figure 1 
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is uniquely determined by an ordered pair of vertices (a, b), we will therefore use 
the notation M a:b for the equivalence class of edges (a, a,b) in E. 



Let E' = {M e ab | M a:b G E, e = ±1 and e = 1 if a ^ b} be the set of tagged 
edges. If a 7^ 6, we will write M a ^ instead of M^ b , and say that M a ^ is a tagged 
edge with the length of \5 a ,b\- Note that there are exactly two tagged edges M~l 
and M\ a for every vertex a on the boundary of P n , and the tagged edges M* will 
not be represented as loops around the puncture but as lines from the vertex a to 
the puncture. If e = — 1, the line will have a tag on it and if e = 1, there will be 
no tag. 

We use the convention that M a:b is a tagged edge with length of \5 a ,b\ if a 7^ 5, 
and that M e a a is a tagged edge with length of 1. We say that M a ^ is close to the 
border if its length is three, and that M a 6 is connected if its length is at least four. 
For every vertex a on the boundary of P n , we say that M* is degenerate. 

Let M = M ab and N = M e cd be in E' . The crossing number e(M, N) of M and 
iV is the minimal number of intersection of M e a b and M^ d in A°, where A° is the 
interior of the punctured polygon P n . A triangulation of the punctured polygon 
P n is a maximal set of non-crossing tagged edges. 

Lemma 2.1.t Sch l (1) Any triangulation ofP n has n elements. 

1 if a 7^ b and e 7^ e' 



(2) e(M, M) = 0forMe E' and e(M^ a , MQ = 



otherwise, 



According to [Sch], the translation r is a bijection r: E' — > E' defined as the 
following. Let M e a b G E', and let a' (respectively b') be the clockwise neighbor of 
a (respectively b). Then rM a>b = M a ip if a 7^ b, and rM e a a = M~, e a , if a = b with 
e = ±1 . 

Let C be the A;-linear additive category whose objects are direct sums of tagged 
edges in E', and the morphism from a tagged edge M to a tagged edge N is a 
quotient of the vector space over k spanned by sequences of elementary moves 
starting at M and ending at iV see 3.6 in [Sch] for details. 
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Let be the cluster category of H, where H is a hereditary A;-algebra of type 
D n . It is well known that = ^ 6 (mod iJ)/r _1 [l] is a triangulated category. A 
basic tilting object in the cluster category is an object T with n non-isomorphic 
indecomposable direct summands such that Ext^> (T, T) = 0. 

The following lemma is proved in [Sch] and it will be used later. 

Lemma 2.2. There is an equivalence of categories if between the category of 
tagged edges C and the cluster category ff H of type D n , moreover, C is a triangulated 
category with the shift functor [1] = r. 

According to [Sch], We can define the Ext 1 of two objects M,N G ind C as 
Ext^(M, N) = Hom c (M, tN). 

Lemma 2.3. Let M,N e ind C. Then dim Extjj(M, N) = e(M, N). 

Let T n be the set of all triangulations of the punctured polygon P n . According 
to Lemma 2.2 and Lemma 2.3, we know that y?(A) is a basic tilting object in 
for any triangulation A 6 T„. We denote by Qa the quiver of the cluster- 
tilted algebra End^ ff (</?(A)) op . It is well known that the vertices of Qa is the 
isomorphism classes of simple End%> H ((p(A)) op modules, and the number of the 
arrows from simple modules Si to S2 is dinifcExt 1 (S'i, S2). It is easy to see that all 
quivers of cluster-tilted algebras of type D n can be obtained in this way. 

We define a mutation of a triangulation at a given tagged edge by replacing 
this tagged edge with another tagged edge described as 6.2 in [Sch]. Let Qa be the 
quiver corresponding to a triangulation A G T n . Then the mutation of Qa at the 
vertex % corresponds to the mutation of A at the tagged edge corresponding to %. 
It is easy to see that each triangulation induces a quiver of a cluster-tilted algebra, 
and that every quiver of cluster-tilted algebras of type D n can be assigned to at 
least one triangulation. 

Let be the mutation class of type D n . We have a function 7: T n — > -M® 
defined by 7(A) = Qa f° r any triangulation A in 7^, it is easy to see that 7 is 
surjective. Let % n be the isomorphism class of cluster-tilted algebras of type D n . 
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Note that any cluster-tilted algebra of type D n is uniquely determined by its quiver 
up to isomorphism and then we have a function 7': T n — > H n which is induced by 
7. Note that 7' is also surjective. 

Definition 2.4. Let C be the category of tagged edges of P n . We define a 
function a: C — >■ C by a(M a ^) = M a:b if a 7^ b, and a(M^ b ) = M~l if a = b with 
e = ±1. 

Note that o is an automorphism and a 2 = 1. For any triangulation A G T n we 
have that 7(A) = 7(oA) and ra = or. 

We define an equivalence relation ~ on 7~ n as the follows: A ~ A' if A = r*A' 
or A = o-p' A' for some integers i and j. We denote by T n the equivalence class of 
T n) and we have a function 7: T n — > A4® induced by 7. Note that 7 is surjective 
and well defined, and that Qa = Qa' m -M® whenever A ~ A'. In section 4, we 
will prove that 7 is also injective if n > 5. 

3 Quivers of cluster-tilted algebras of type D n 

In this section, we will give a classification for the elements in T n , and then deduce 
an explicit description for quivers of cluster-tilted algebras of type D n . That is, we 
give a new proof for the mutation class of quivers of type D n obtained in [Vat]. We 
should mention that our proof is started from the classification for the elements in 
T n which seems to have independent interest. 

Let A be a triangulation in T n and Qa be the quiver of cluster-tilted algebra 
End<^((/9(A)) op . Let M be a tagged edge in A. We denote by V M the vertex of 
Qa corresponding to M. We say that Vm is connected if the corresponding tagged 
edge M in A is connected. Two tagged edges M and N are adjacent in A if the 
corresponding vertices Vm and Vjv are adjacent by an arrow in the corresponding 
quiver Qa- 

Let A be a triangulation and M = M a ^ G A be connected. Then M a ^ divides 
the punctured polygon P n into two parts, one part P' without the puncture in its 
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interior and the other part P" with the puncture. M a ^ also divides the triangulation 
A into two parts, one part Ai is in P' and the other part A2 is in P", and A = 
Ai U A2 |J{M a fc}. We have the following lemma. 

Lemma 3.1. Let Ai and A2 be the partition defined as above. Assume that 
M\ G Ai and M 2 G A2, and let Vm x and Vm 2 be the corresponding vertices in the 
corresponding quiver Then Vm x is not adjacent to Vm 2 i> n Qa, an d any path 
between Vm x o,nd Vm 2 must run through the vertex Vm- 

Proof. We assume by contrary that there is an arrow from Vm x to Vm 2 ■ By us- 
ing Lemma 2.3, we have that e{M u r' 1 M 2 ) = Ext^Mi, t~ 1 M 2 ) = Hom c (M 1) M 2 ) ^ 
0. That is, Mi and t~ 1 M 2 intersect in the interior of the puncture polygon P n . It 
is easy to see that M and r~ l M 2 intersect in the interior of the punctured polygon, 
that is e(M, r _1 M 2 ) = Homc(M, M 2 ) 7^ 0. By the same argument we have that 
Home (Mi, M) ^ 0. Therefore, we have a path V Mx -> V\ — > V 2 -»,...,-» V{ -» Vm 
from Vjv/i to Vm and a path Vm — > V{ —>•,..., Vj —> Vm 2 from Vm to Vm 2 in Qa- 
Hence we have a sub quiver of Q & as Figure 2. 




Figure 2 



Perform the following mutations fivn A*v 2 r-- > A*Vj> HVmi V>v{>~- 5 one by one, 
we then obtain a multiple arrows from Vm 1 to Vm 2 , which is a contradiction. This 
completes the proof. □ 

Remark. We denote by m the number of vertices of P' and write P' m instead 
of P'. We obtain a subquiver Q' m of Qa by factoring out all vertices corresponding 
to A". According to [CCS1], Q' m is a quiver of some cluster-tilted algebra of type 
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m • 



Lemma 3.2. Let M be a connected tagged edge in a triangulation A. Let Q' m be 
a subquiver defined as above. Then the number of vertices of Q' m which are adjacent 
to Vm is either one or two. If this number is two, then Vm lies on an oriented cycle 
of length three. 

Proof. Let Vn be a vertex in the quiver Q' m which is adjacent to Vm- According 
to Lemma 3.1, we only need to consider the following three cases in Figure 3. 



N\ \ 
\ M 



Figure 3 




In the first two cases, the vertex which is adjacent to Vm is only Vn, and in the 
third case, Vm lies on the cycle Vm — > Vl — > Vn — > Vm- □ 

Let Ai A be the mutation class of type A\~. The union of all Ai A with k > 1 
will be denoted by Ai A . If Q is a quiver in Ai A , according to [BV], we have the 
following facts. 

(1) The length of all oriented cycles is three. 

(2) The number of vertices which is adjacent to a fixed vertex is at most four. 

(3) If the number is four, then two of its adjacent arrows belong to one 3-cycle, 
and the other two belong to another 3-cycle. 

(4) If the number is three, then two of its adjacent arrows belong to one 3-cycle, 
and the third arrow does not belong to any 3-cycle. 

Let Ha be a cluster-tilted algebra of type A n . Then Ha = kQ/I with Q 
belonging to Ai A , and the relation ideal I is generated by the set of all length 2 
paths of all 3-cycles in Q. We denote the relation set by Eq, see [BMR2, BV] for 
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details. 



Now we want to classify the elements in T n = T n j ~, where T n is the set of all 
triangulations of the punctured polygon P n , and A ~ A' if and only if A = t 1 A' or 
A = err 7 A' for some integers i and j. By abuse of language, we also denote by A 
the equivalence class determined by itself. Note that we have a surjective function 
!'■ T n — > -M®, and we will prove that 7 is also injective in next section if n > 5. In 
particular, we obtain a classification for ■ 

Two degenerate tagged edges M* a and M~* are called a double edges, and 
two degenerate tagged edges M^ a and M bb are called a pairing edges if a and b are 
neighbors on the punctured polygon P„. Let A be an element in T n and 7(A) = Qa 
be the corresponding element in M®- According to the definition of triangulation, 
we know that A has at least two degenerate tagged edges. 

Lemma 3.3. Let A be an element in T n , and let M\ a and M bb be two degenerate 
tagged edges in A and b be a counterclockwise vertex of a. If there is no other 
degenerate tagged edge between M\ a and M bb in A, then M ajb is a tagged edge in 
A. 

Proof. Assume by contrary that the tagged edge M a b is not in A. Then there 
exists a non-degenerate tagged edge M c ^ in A such that e(M Cj d, M a ^) 7^ 0. It is 
easy to see that e(M c ^, M* a ) 7^ or e(M c ^, M£ b ) 7^ which contradicts with the 
definition of A. This completes the proof. □ 

Proposition 3.4. Let A be an element in T n - 

(1) If M at b is a tagged edge in A with \S a ,b\ = n, then A has exactly two degen- 
erate tagged edges forming a double or a pairing. 

(2) Assume that A has exactly two degenerate tagged edges forming a double. 
We denote the double by M\ a and M~^, If A has no tagged edge of length n, then 
there exists a counterclockwise vertex b (b 7^ a) on the boundary of P n such that 
M ajb and M b<a belong to A. 

(3) Assume that A has exactly two degenerate tagged edges which are not a 
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double. If A has no tagged edge of length n, then the two degenerate tagged edges 
is not a pairing. 

(4) Assume that A has more than three degenerate tagged edges. Then A has 
no tagged edge of length n. 

Proof. (1) It follows from Lemma 2.1. 

(2) Assume that b is the counterclockwise neighbor of a on the punctured poly- 
gon P n such that M 0) (, is a tagged edge in A with maximal length, We want to 
prove that M^ a is a tagged edge in A. Note that b is not a neighbor of a since 
A has no tagged edge of length n. If Mb j£I is not in A. Then there exists a non- 
degenerate tagged edge M c ^ in A such that e(M c ^, M^ a ) ^ 0. It is easy to see that 
e(M c ^,M^ fe ) ^ which contradicts with that M a ^ 6 A. Therefore, M a ^ and M& i0 
are tagged edges of A. 

(3) It follows from Lemma 3.3. 

(4) It follows from the definition of triangulation. □ 

Let A be an element in T n , and Qa — 7(A) be the corresponding quiver in 
We denote by the cluster-tilted algebra corresponding to Qa- According 
to Proposition 3.4, we can divide elements in T n into the following four types, 
according to Lemma 2.2, we also obtain a similar classification for as in [Vat]. 

Type 1: A has a tagged edge M = M a)b with \5 a ^\ = n as in Figure 4- 




Figure 4 
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In this case, we write A and Qa as in Figure 4. Note that Q' = Qa\{Vn, Vl} is 
in A4 and Vm is connected. The cluster-tilted algebra if a = kQ,\/I, the relation 
ideal I is generated by the set Sq/, where Sq/ is all the paths of length 2 which are 
part of a 3-cycle in Q' . 

Type 2: A has no tagged edge of length n and it has exactly two degenerate 
edges forming a double. 

In this case, we may denote the double by M\ a and M~\. According to Propo- 
sition 3.4 (2), we know that there exists a vertex b (b ^ a) such that M a ^ and M^^ 
belong to A. Moreover, M a ^ and M\>^ a divide the triangulation A to three parts, 
Ax, A 2 and {M a ^ M h ^ M 1 ^ M^} . 



b 




a 



Figure 5 

As in Figure 5 , Qi and Q2 are in Ai A . The cluster-tilted algebra is 
the quotient algebra kQ^/I, where the relation ideal / is generated by the set 
S Qi U S Q 2 Uifih ~ 9x92, hf u f 2 h, hg u g 2 h} 

Type 3: A has exactly two degenerate tagged edges which are not a double (see 
Figure 6) and A has no tagged edge of length n. 



b 




Figure 6 



In this case, we may write the two degenerate tagged edges as M\ a and M\ 
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According to Lemma 3.3 and Proposition 3.4, we know that the two vertices a and 
b are not neighbors and that M 0) 6, Mb >a G A. 

As in Figure 6, Q\ and Q 2 are in Ai A , the corresponding cluster-tilted algebra 
if a is the quotient algebra kQ^jl with the relation ideal I generated by the set 
s Qi U s Q 2 LK/i/zfll, /Wiflfc, gmfuShfifi}- 

Type 4: A /ias exactly t degenerate tagged edges with t > 3. 

In this case, we may write them as M\ a , M* 2a2 , M\ tat in the counter- 
clockwise direction. For convenience, we set t + % = i( mod t) and M aij0i+1 = 
if aj and £jj + i are neighbors. According to Lemma 3.3, we know that the non- 
zero elements of M aua2 , M a2iQ3 , M at _ u(H , M atm belong to A. Moreover, M^ ai , 
, M* t at divide the triangulation A to t + 1 parts Ax, A 2 , A t and 
{M ai , aa ,M a2 , a8 ,... J M^ 1 ^,M^ iai ,Mi liai ,...,Mi iat } as in Figure 7. Note that the 
corresponding subquivers Qi, Q 2 , Qt of Qa are all in Ai A . we denote Vu a . a . 
by V< and 7 tfo .„. +i by V u+1 . 




Figure 7 



Note that Qi has no vertex if a« and are neighbors, and that Qi has 
only one vertex Va + i if \S ai)ai +1 | = 3. The corresponding cluster-tilted algebra 
Hj\ is the quotient algebra kQ^jl with the relation ideal / generated by the set 
(Uli SqJ U £' U S"» where E' is the set 

/2^2, gihi,g 2 h 2 , -,gth tl /n/i, ^2/2, M*}, 
and E" is the the union of the following sets 
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{fif i+1 f i+ 2...fi +t , for 1 < i < t, a i+t is not a neighbor of a h } 
and {fifi + ifi +2 ...fi + (t-i), for 1< i < t, a i+t is a neighbor of a*}. 

We summarize the above discussion as the following main theorem which has 
been proved by D. Vatne in [Vat] in different way. 

Theorem 3.5. Let n be an integer with n > 4 and Q be a quiver of a cluster- 
tilted algebra of type D n . Then Q must belong to one of type 1, type 2 ,type 3 or 
type 4. □ 



4 Isomorphism classes of cluster-tilted algebras of 
type D n 



In this section, we follow the ideas of H.Torkildsen and generalize the results for 
the cluster tilted algebras of type A n in [T] to the type of D n . 

Let P n be the punctured polygon with n > 5. We write the boundary vertices 
as {1, 2, • • • , n) with counterclockwise direction. 

Let H be the path algebra kQ n and Q n be the following quiver: 



n 




1 >- 2 : - ••• >■ n — 3 >■ n — 2 




n-1. 

Let be the cluster category of H, let T and T' be two basic tilting objects in 
ffii- in the sequel, we will give a criterion for when End# H (T) op and End^ H (T') op 
are isomorphic. 

We now recall the Auslander-Reiten quiver of the cluster category ffjj, see [Hap]. 
It is a stable quiver built from n copies of Q n , we denote it by T^ H . The vertices of 
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IV H are Vi^u) '.— Z n x {1, 2, • • • , n}. The arrows are 



(ij) -> (i,0 
(i,Z)->(i + l,Z) 



} whenever 



there is an arrow j — > Z in Q. 



Finally, the translation r is defined by 



(i — 1, n — 1), if i = 0, j 
(i - l,n), if i = 0, j 
(i — 1, j), otherwise. 



n and n is odd 



n — 1 and n is odd, 



Let C be the category of tagged edges. By Lemma 2.2, there is an equivalence 
of triangulated categories (p : C — >■ We denote by T itj the indecomposable 

object in ^ H corresponding to the vertex in T<# H . It is easy to see that 



In section 3, we have defined an automorphism a in C which also induces an 
automorphism in , and we still denote it by a. It follows that a(T i: j) = T itj , for 



Let be the set of all basic tilting objects of We define an equivalence 
relation " ~ " on as following, T ~ T if and only if T = t 1 T' or T = ar j T' for 
some % and j. We denote by T^ 1 the set of equivalence classes of ■ Note that 
the bijection tp : T n — > also induces a bijection tp : 7^ — >■ 7^. 

Now we can state our main result in this section. 

Theorem 4.1. Let T and T' be basic tilting objects in the cluster category 
°f tyP e D n with n > 5, then the cluster-tilted algebras T = End^ H {T) op and 
V = End^ H (T') op are isomorphic if and only if T = t 1 T' or T = ar j T' for some 
integers i and j . 

In order to prove the theorem, we need some more lemmas. 

Lemma 4.2. Let A be an element in T n and Qa — 7(A) be the corresponding 
quiver. If there is a tagged edge M close to the border, then the corresponding 



tp{M^ i+2 ) = T iA , tp{M}J = T i)n _! and tp{M~^) = T h . 



l<J<n-2, a(T ijn ) = T i>n _i and cr(T ij7l _i) = T i{ 
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vertex Vm in Qa either is a source, a sink, or lies on a cycle. 

Proof. We only need to consider the following eight cases as shown in Figure 




id 




(4 ) 




(2) 




( 3 ) 




( 5 ) 



(6) 




(7 ) 




(8) 



Figure 8 



According to Lemma 3.2, it is easy to see that the vertex Vm in the first case is 
a source, and that the vertex Vm in the second case is a sink. Finally, vertex Vm 
in the last six cases lies on the following six cycles, respectively. 

V M ->■ V Nl , V M V Nl , V M > V Nl , V M V Nj , V M V Nl and V M V Nl 



V 



□ 



N 2 



Vn 2 ^tv 2 ^ Kmi Vn 2 



V 



Mi 



V 



N 2 



Let A be a triangulation of the punctured polygon P n with n > 5 and let 
Qa = 7(A) be the corresponding quiver. Let M be a tagged edge in A and 
Vm be the vertex in Qa corresponding to M. We define a quotient triangulation 
A/M from A by factoring out M and leaving all the other tagged edges unchanged. 
Clearly, if M is close to the border, A/M is a triangulation in the puncture polygon 
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Figure 9 



P n _i as Figure 9. 

We denote by Qa/Vm the quiver corresponding to A/M. According to Lemma 
4.2, we have the following corollary. 

Corollary 4.3. Let A be a triangulation in T n with n > 5 and Qa = 7(A) be 
the corresponding quiver. Suppose that A has a tagged edge M which is close to 
the border. Let Vm be the vertex in Qa corresponding to M. Then Qa/Vm is a 
connected quiver in Ai^-i- 

Lemma 4.4. Let A be a triangulation in T n with n > 5 and Qa = 7(A) be the 
corresponding quiver. Suppose that M is a degenerate tagged edge in A and that 
Vm is the corresponding vertex to M in Qa- Then Qa/Vm is a connected quiver 
in M£_ x . 

Proof. According to Theorem 3.5, we only need to consider the following four 
cases as shown in Figure 10. 




Figure 10 
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By [BV], our statement is true. □ 

Remark. If A has a tagged edge M which is connected, that is, the corre- 
sponding vertex Vm in Qa is connected, by using Lemma 3.1 and Lemma 3.2, we 
know that the quiver Qa/Vm is not connected. 

Proposition 4.5. Let A be an element in T n with n > 5 and Qa = l{A) be 
the corresponding quiver. Let M be a tagged edge in A and Vm be the vertex in Qa 
corresponding to M. Then 

(1) . Qa/Vm is connected and in if and only if M is close to the border. 

(2) . Qa/Vm is connected and in A4n-i if and only if M is degenerate. 
Proof. It follows from Corollary 4.3, Lemma 4.4 and the above Remark. □ 



Lemma 4.6. The function 7 : 7s — > is injective. 




Figure 11 



Proof. There are only four types of elements in % by the discussion in section 3. 
First, it is easy to see that the number of all the triangulations of Type 1 in 7s are 
fifteen, and all of them are mapped by 7 to non-isomorphic quivers. Next, we list 
all the triangulations of Type 2, Type 3 and Type 4 in T5, and their corresponding 
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quivers as in Figure 11. It is easy to see that all of them are mapped by 7 to 
non-isomorphic quivers. In particular, we have that the function 7: % — > is 
inject ive. □ 

Now, we can prove the result promised at the end of section 2. 

Proposition 4.7. The function 7 : T n — > M.® ^ s bijective for all integer n > 5. 

Proof. Note that 7 is always surjective, it is sufficient to prove that it is injec- 
tive. Suppose that Q A = 7(A) = 7(A') = Q A , in M%. We will show that A = A' 
in T n by induction on n. 

For n = 5, by Lemma 4.6, we know that 7 : % — > is injective. 

Now suppose that 7 : T n -i — > M-n-i * s injective. 

If A has no tagged edge close to the border, then every tagged edge in A is 
degenerate, it is easy to see that Q A = Q A i is an oriented cycle with n vertices. It 
forces that every tagged edge in A' is also degenerate, hence A = A' in T n - 






Figure 12 
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If A has a tagged edge M close to the border, let Vm be the vertex in Qa 
corresponding to M. Note that Qa = Qa>, according to proposition 4.5, we know 
that A' must have a tagged edge M' which is also close to the border and that M' 
is corresponding to Vm 1 = Vm in Qa — Qa 1 - According to Corollary 4.3, We know 
that Qa/m = Q/Vm = Q'/Vm' = Qa'/m' belongs to M^_ 1 , and by the inductive 
hypothesis, We know that A/M = A'/M' in %l x . 

We can obtain A and A' from A/M = A'/M' by extending the punctured 
polygon P„_i at some border edge. Fix a tagged edge iV in A such that Vm and 
Vn are adjacent in Qa- Let N' be the tagged edge in A' corresponding to Vn- 

As in Figure 12, there are at most eight ways to extend A/M such that the 
new tagged edge is adjacent to N. It is easy to see that these extensions will 
be mapped by 7 to non-isomorphic quivers. Also there are at most eight ways 
to extend A'/M' such that the new tagged edge is adjacent to N', and all these 
extensions are mapped to non-isomorphic quivers and thus A = A' in T n - d 




Figure 13 
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Remark. Proposition 4.7 dose not hold for as showing in Figure 13. 

Proof of Theorem 4.1. Let A and A' be triangulations in T n , let T and 

X" be the corresponding basic tilting objects in ^h- If T ~ T', it is clear that 
r = End^ ff (T) op and V = End^ H (T') op are isomorphic. Conversely, if T oo T', 
then A ^ A'. By Proposition 4.7, we know that the quiver Qa is not isomorphic 
to the quiver It forces that V = End^ H (T) op and V = End^ H (T') op are not 

isomorphic, since every cluster-tilted algebra of type D n is uniquely determined by 
its quiver. This completes the proof. □ 

Acknowledgements. After completing this work, the third author was in- 
formed by Aslak Buan and Hermund Torkildsen that they also proved the parallel 
results with this paper in [BT], he is grateful to them for this. 
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